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Optimizasyon

 Matematiksel modeller, bir muhendislik probleminin
cozumune ulasmak icin ilgilendigimiz sistemin veya
makinanin davranisini simule etmek icin kullandigimiz
araclardi;

* Optimizasyon ise problemin birden fazla ¢cozimu
oldugunda en iyi cozUmu Uretme cabasidir.



Muhendislik Uygulamalari Acisindan
Optimizasyonun Temel Unsurlari

* Problemin, hedefini iceren bir amacg fonksiyonu
olacaktir.

* Bir takim tasarim degiskenleri olacaktir. Bu
degiskenler reel veya tamsayi olabilirler.

* Problemde calistigimiz sinirlayici kosullari tanimlayan
kisitlar olacaktir.



Ozdeger ve Ozvektérlerin Geometrik Yorumu

Bir matris herhangi bir vektor ile carpildiginda yeni bir vektor elde edilir. Bu durumda bir matris bir sistemi ve bir
vektor bir sistemdeki bir sinyalin zaman icerisindeki degisimini temsil ediyorsa. Bir matris ile bir vektor carpildiginda
matris vektorin yoninu, dogrultusunu ve siddetini degistirir. Vektoriun davranisi degisir.

all al2 al3\ /x1 b1l
a2l a22 a23 || x2)|=|Db2
a3l a32 a33/ \x3 b3

b1l all *x1+al2*xx2+al3 *x3
b2 1=|a2l *x1+a22*x2+ a23 *x3

b3 a3l *x1+ a32*xx2+ a33 * x3

Bazi vektorler bir A matrisi ile carpildiklari zaman vektortun dogrultusu degisir, yonu degismez. Bu 6zel x vektorleri,
Ax vektori ile ayni dogrultuda ya da ters dogrultuda kalmaktadir. iste bu vektdrlere “6zvektorler” denir. Ozdegerler,
bir matrisin orijinal yapisini gormek icin kullanilan alternatif bir yoldur. A matrisi x vektorinu Ozdeger kadar
biyitmekte ya da kicliltmektedir. Ozdeger pozitif ise her iki vektdr ayni yonde, dzdeger negatif ise vektorler ters

yondedir. (Quantum ...)



Ozdeger, Ozvektor

Bir matris bir vektor ile carpildiginda vektorin, davranisi; yonu, siddeti, en 6nemlisi dogrultusu degisir.

Bazi vektorler bir A matrisi ile carpildiklari zaman dogrultusu degismez, yonu degisir. Bu ozel x vektorleri, Ax
vektoru ile ayni yonde ya da ters yonde kalmaktadir. Iste bu vektorlere “6zvektorler” denir.

Ozdegerler, bir matrisin orijinal yapisini gormek icin kullanilan alternatif bir yoldur.
Bir 6zvektorin A matrisi ile carpimi olan Ax vektord, orijinal x vektorinin AeR olmak tzere A katidir.

Ozdeger ve tzvektiriin geometrik yorumu

A x=3x bagintisindan hesaplan L dzdegeri ve x dzvektirll su sekilde yorumlanabilir: A matrisi x vektorind A
kadar biyitmekte veya kiciltmektedir. x vektirinin dogrultusu dedismemekte fakat yoni degisebilmektedir.
» pozitif ise X ve Ax ayni yonde, aksi hale ters yondedirler.
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Tek Boyutlu Optimizasyon/Cok Boyutlu
Optimizasyon

Vi Optimum f(x7, )

Matematiksel ifadelerde ya da denklemlerde
Minimum, maksimum, donum noktasi,

"4 Minimum /(9 y - denge noktasi,
| belirsizliklerin belirlenmesine

| Maximum —£(x)
yonelik calismalar yapilir.

o |




Optimizasyon: Matematiksel Tanim

Her hangi bir matematiksel modelin grafigini cizdiginizde, maksimum ve minimum
noktalariyla karsilasiriz. Maksimum minimumlarin tepe noktasi, turevin sifir oldugu
optimum noktalaridir. Birinci tlrev f’(x)=0 optimum noktasini belirlerken f"’(x)’de
optimumun maksimum mu minimum mu oldugunu belirler.

Maximum

Y

Minimum

Root

flix) =0
(x) =0

Root

Kok belirleme ve optimizasyon
vir bakima birbirine benzer, Kok
belirlemede, egrinin  ekseni
kestigi noktalari  buluyorduk;
Optimizasyon problemlerinde ise
maximum veya minimum
noktalarini bulacagiz.




Optimizasyon: Matematiksel Tanim

* Bir optimizasyon problemi genel olarak su sekilde ifade
edilir.

e f(x)’i
—d/(x) <a;i=1,2,..,m
— €,(y) = b; 1=1,2,...,p

sartlari altinda minimum ve maksimum kilacak x’i bulun, burada x n boyutlu bir tasarim
vektoru, f(x) amag fonksiyonu, d;(x)’ler esitsizlik seklinde ifade edilen kisitlar, e;(x)’ler

esitlik seklinde ifade edilen kisitlar ve a; ve b, sabitlerdir. Fonksiyon i¢in herhangi bir kisit
verilmezse bu tlr optimizasyon problemlerine kisitlamasiz optimizasyon denir.

Kisitlamali problemlerde, serbestlik derecesin — m — p seklinde bulunur.

Genellikle bir ¢6zim elde edebilmek icin m + p < n olmalidir. m + p = n olursa bu tir
problemlere asiri kisitli problem denir.



Newton Yontemi

* Hatirla: Kok bulmada kullandigimiz Newton-Raphson yéntemi

L C)
1+1 l f’(X)

*  Yeni bir fonksiyon tanimlayalim g(x) = f'(x) olsun. Optimizasyon probleminde, g(x*) = f'(x*) =
0’1 ariyoruz. Dolayisiyla,
3 f'(x)

xl+1 — xl _f”(x)

yazabiliriz.
* Tek bir baslangic tahmini yeterlidir.
 Yontem hizlidir, ancak ilk tahmin iyi degilse iraksayabilir.
* Turev almak sikinti olursa, yaklasik tirev ifadeleri kullanilabilir.

* |raksama problemlerini gidermek tzere hibrit yontemler dnce kapali yontemlerle optimum noktaya
yaklasip ardindan Newton yontemiyle optimuma hizlica ulasmayi tercih ederler.



Ornek Problem

Newton Yontemi ve x,=2.5 baslangi¢ tahminini kullanarak f(x) = 2sinx —

fonksiyonunun maksimumunu bulun.

f'(x) = 2cosx —

2
f'"(x) = —2sinx — —
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Turevin Yorumu
Birinci Turev

Birinci ve ikinci tirevlerinin verdigi bilgilerden f’(x) veya df/dx olarak yazilan f(x) fonksiyonunun ilk
turevi, x noktasindaki teget cizgisi fonksiyonun egimidir.

Grafik olmayan terimlerle ifade etmek gerekirse, ilk tirev bize bir fonksiyonun nasil arttigini veya
azaldigini ve ne kadar artacagini veya azalacagini soyler.

Pozitif egim bize x arttikca f(x)'nin de arttigini soyler. Negatif egim bize x arttikca f(x)’in azaldigini soyler.
Sifir egim bize 6zel bir sey soylemez: fonksiyon o noktada artar, ne azalir veya yerel maksimumda veya
verel minimumda olabilir.

Turevler acisindan bu bilgileri yazarken sunu goruyoruz:

d];(p) > 0, ise f(x), x = p’de artan bir fonksiyondur.
d];;p) < 0, ise f(x), x = p’de azalan bir fonksiyondur.
af(p)

= 0, ise ozaman x = p, f (x)'in kritik noktasi olarak adlandirilir ve x(p)’deki f (x) 'nin davranisi

ﬁklnda yorum yapilabilir. Eger f''(X) = 0 ise, 0 zaman testin kesin olmadigini soyleyebiliriz. Simdi,
f"(X) in isareti bu noktanin etrafinda negatlften pozitife veya pozitiften negatife degisirse, noktanin bir
donidm noktasi olmasi mumkinddr. Fakat, f''(X)'in isareti degismezse, bunun bir donim noktasi
olmadigini soyleyebiliriz.



Turevin Yorumu

Ikinci Turev
2
e Bir fonksiyonun ikinci turevi, f”’ (x) veya dx]; olarak yazilir. ik tiirev bize fonksiyonun
arttigini veya azaldigini soylese de, ikinci turey,
2
e x=p'de ddi(f) >0 ise, f(x), x = p'de asagi dogru kavislidir.
2
e x=p'de dd];(f) <0 ise, f(x), x = p'de yukaridogru kavislidir.
— 1 dzf(p) — . I _ 1 . .
e x=p'de 2 =0 ise, o zaman f(x) 'in x = p'deki davranisi hakkinda bir yorum

yapamiyoruz.

e Birinci tdrevin anlamindan x, f(x) fonksiyonunun kritik bir noktasi oldugunda, o noktada
fonksiyonun davranisi hakkinda bir yorum yapabilmek icin, x’in bolgesel maksimum veya
bolgesel minimum oldugunu 6grenmek icin genellikle islevin ikinci tlrevi kullanihr. Eger
f'"'(X)=0 ise ikinci turev testi kesin sonu¢c vermez. Donim noktalarini kontrol edin.




Donum Noktasi

Bir donim noktasi, egri Uzerinde
icbukeyligin isaretinin degistigi bir nokta
olarak tanimlanir. Donum noktalari yerel
maksimumlar veya yerel minimumlar
olamaz. Asagidaki goriinttude, f(X) = X3
fonksiyonu icin X = 0'in bir donim noktasi
oldugunu gorebiliriz. Ayrica, (-o=,0)

araliginda fonksiyonun icbtkey oldugunu
ve (0, =) araliginda fonksiyonun disbiikey
oldugunu gorebiliriz.




Graphical Representation of a Maximum

y'=-2x+8
y yII=_2
y'=0 oldugu nokta -2x+8=0
x=4
16

y = f(x) = -x2 + 8x

14



An Example of f"'(x*)=0

* Suppose v = f(x) =x3, then f'(x) = 3x? and f "'(x) =6x,
— This implies that x* =0 and f "(x*=0) = 0.
y=f(x)=x3

4
-

x*=0 is a saddle point where the point is neither a maximum nor a minimum

15



Example of Using First and Second Order

Conditions

 Suppose you have the following function:

— f(x) =x3—6x2 + 9x

 Then the first order condition to find the critical points is:

— f'(x)=3x2-12x+9=0

— This implies that the critical points are at x=1 and x = 3.

Amacimiz, birinci
ve ikinci turevlere
bakarak
fonksiyonun
davranis hakkinda
yorum yapmaktir.

16



Example of Using First and Second Order
Conditions (Cont.)

The next step is to determine whether the critical points are maximums or
minimumes.

— These can be found by using the second order condition.
— f"(x) = 6x—12 = 6(x-2)

Testing x = 1 implies:

— (1) =6(1-2) =-6 < 0.

— Hence at x =1, we have a maximum.
Testing x = 3 implies:

— £"(3)=6(3-2)=6>0.

— Hence at x =3, we have a minimum.

Are these the ultimate maximum and minimum of the function f(x)?

17



Conditions for a Minimum or a Maximum Value of a
Function of Several Variables

* Correspondingly, for a function f(X) of several independent
variables X

— Calculate ) and set it to zero.

VT (x
— Solve the equation set to get a solution vector X*.

— Calculate .
V2T (x)
— Evaluate it at xX*.

— Inspect the Hessian matrix at point X*.
H(x)=V?f(x)

18



Hessian Matrix of f(x)

f (x)is a C? function of n variables,

02 f () 02 f(x)
ox2 OX, OX.

H(x)=VZ*f(x)= S .
o7 f (x) o7 f (x)

| OX,0%, ox:

Since cross - partials are equal for a C* function, H(x)
IS a symmetric matrix.



Conditions for a Minimum or a Maximum Value of a Function of
Several Variables (cont.)

Let f(x) be a C? function in R". Suppose that x* is a critical point of f(x),
L&f (x*)=0

If the HessianH(X™) s a positive definite matrix, then x* is a local
minimum of f(x);

If the HessianH(X™) is a negative definite matrix, then x* is a local
maximum of f(x).

If the Hessiant'(X™) s an indefinite matrix, then x* Is neither a local
maximum nor a local minimum of ().

20



Example

Find the local maxs and mins of f(x,y)

f(X,y)=x>—y®+9xy

Firstly, computing the first order partial derivatives (i.e., gradient of f(x,y)) and setting them

to zero
O Of
X 3X° +9y
VT (X,Y) = of :(_3y2+ng=0
\ OY J

—> critical points (x*, y *)is (0,0) and (3, -3).

21



Example (Cont.)

We now compute the Hessian of f(x,y)
(62f  o%f )

V2 f(x,y) — OX°?  OXoy _[GX 9]
| o2 f o7 f 9 -—6y)

Oyox  oy?

The first order leading principal minor is 6x and the second order principal minor is -
36xy-81.

At (0,0), these two minors are 0 and -81, respectively. Since the second order leading
principal minor is negative, (0,0) is a saddle of f(x,y), i.e., neither a max nor a min.

At (3, -3), these two minors are 18 and 243. So, the Hessian is positive definite and
(3,-3) is a local min of f(x,y).

Is (3, -3) a global min?

22



Global Maxima and Minima of a Function of Several
Variables

* Let f(x) be a C? function in R", then

« When f(x) is a concave function, i.ey " f (X) s negative semidefinite
for allwfa(d*) =0 , then x* is a global max of f(x);

2
* When f(x s*a convex function, i.e., f(x) is positive semidefinite
for all'Xh )= , then x* is a global min of f(x);

23



Example (Discriminating Monopolist)

A monopolist producing a single output has two types of customers. If it produces q, units for type 1, then
these customers are willing to pay a price of 50-5q, per unit. If it produces q, units for type 2, then these
customers are willing to pay a price of 100-10q, per unit.

The monopolist’s cost of manufacturing q units of output is 9o+20q.
In order to maximize profits, how much should the monopolist produce for each market?
Profit is:

f (CI1’ qz) — ql (50 o 5q1) + qz (100 _1OQ2) T (90 + 20(q1 + qz))
The critical points are

of of

L _50-10g,—20=0=>q, =3, -2 —-100-20q, —20=0—=q, = 4.
2. o} o 2. d, d,
2 2 2 2
il APPSR ci SN cih Y
oq; oq; 00,00, 04,00,

— V? f is negative definite = (3,4) is the profit - maximizing supply plan.

24
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Constrained Optimization

Examples:

Individuals maximizing utility will be subject to a budget
constraint

Firms maximising output will be subject to a cost
constraint

The function we want to maximize/minimize is called the
objective function

The restriction is called the constraint

26



Constrained Optimization (General Form)

* A general mixed constrained multi-dimensional maximization
problem is

/max r(x)=r(x,,--.,x,) )
subject to
g (X, Xx,)<b,g,(X,..c, x,)< by, , g (X0, X)) < D,

h(x,...x,)=¢,h(xX,...X,)=Cr,---, A _(X{y..c,X,)=C

m*"

- /

27



Constrained Optimization (Lagrangian Form)

* The Lagrangian approach is to associate a Lagrange multiplier A, with
the it" inequality constraint and u; with the it equality constraint.

* We then form the Lagrangian

L(X nlﬂjl /(llull l/um):

F(X,, ey X)) — 2/1, (g,(Xy,e0r X)) — b))
/=1

> 1, (M(Xy,. Xx,)—C;)
/=1

28



Constrained Optimization (Kuhn-Tucker Conditions)

* |f xis alocal maximum of f on the constraint set defined by the k
inequalities and m equalities, then, there exists multipliers

satisfying A A 1 g My,
OL(X A", 1) ofF (X)) <& . ag (x ) & . oh (X)) .
= — A =0, |1=1,...,
OX ; OX ; Z z’u OX ; . "
h(x)=c, i=1,..., m
(9;(x)=b)=0, i=1... Kk

299



Constrained Optimization (Kuhn-Tucker Conditions)

The first set of KT conditions generalizes the unconstrained critical point
condition

The second set of KT conditions says that x needs to satisfy the equality
constraints

The third set of KT conditions is

et Gid B0 D) =0, 1=k

if 27 >0 then g, (x") = b,
if g (x )< b then 4, =0

30



Constrained Optimization (Kuhn-Tucker Conditions)

* This can be interpreted as follows:

* Additional units of the resource b, only have value if the available units
are used fully in the optimal solution, i.e., if

. the constraint is not binding thus it does not make difference
g, (x % < D, : %
in the optimal solution and A4,*=0.

* Finally, note that increasing b, enlarges the feasible region, and
therefore increases the objective value

— Therefore, 4>0 for all i



Example

Form the Lagrangian

L=X-y* — u(xX* +y° —4)+ A, x + ).
The first order conditions become:
xX°+y° =4 5/

max x — y°
subject to

ol
2)— = 2y -2 + = 0,
( )8}/ ) 4 ny + A,

B)x*+y°—4=0
(HDA4x =0, (OB)4Ly =0,
(6)4, =0, (7)1, =0,
(8)x =0, (9)y = 0.

33,



Example (cont.)

By (1),1+ 4, =2ux, since 4, 20,1+ 4, >0
— «>0and x >0, by (4), 4, =0.

by (2), L, =2y A+ u),sincel+ 4 >0

—> either both y and A, are zero, or both
are positive, from (5) = y =0, 4, =0.

By (3) and (8) = x=2, from (4), 4, =0,

1 1
by (1)1 A = Z' SOI (lelll’ll/lllﬂQ) — (ZIOIZIOIO)'
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Sensitivity Analysis

e We notice that

LOx*, A%, 1*) = F(X*) = A* (g(x*) — b)) — u*'(h(x*) —C) = F(x*)
* What happens to the optimal solution value if the right-hand side of constraint i is changed by
a small amount, say Ab; i=1-k or Ac; i=1-m.

— It changes by apprOXImately
— is the shadow price of |thﬁfecféa4?w constLé’nt and -
A M

/

is the shadow price of it" equality constraint



Sensitivity Analysis (Example)

® |n the previous example, if we change the first constraint

to x?+y?=3.9, then we predict that the new optimal value
would be 2+1/4(-0.1)=1.975.

® |f we compute that problem with this new constraint,
then x-y?= /3.9 =1.9748.

® |f instead, we change the second constraint from x=0 to
x=0.1, we do not change the solution or the optimum
value since 4 =o.



Utility Maximization Example

The utility derived from exercise (X) and watching movies (M)
IS described by the function

U(X,M)=100—e ?* —e™™
Four hours per day are available to watch movies and exercise.
Our Lagrangian function s

L(X,M,1) =100—e?* —e™ —A(X + M —4)
First - Order Conditions:

L, =2e°" —A1=0

L, =e ™" —-1=0

L,=X+M—-4=0



Utility Max Example Continued

First - Order Conditions :
L, =2 %" -1=0, 1 L,=eMM-4=0, (2) L,=X+M-4=0 (3
From (2) we get that 1 =e™ . Substituting into (1), we get
2e?* —e™ =0 Solving (3) for M and substituting, we get
2e? —e ) =05 In2)-2X =-4+Xor3X =In(2)+ 4
In(2) + 4 8—1In(2)
3

X = and M~ =
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Static optimisation: variables have numerical values, fixed with respect to
time.

Dynamic optimisation: variables are functions of time.

FEssential Features: Every optimisation problem contains three essential categories:
1. At least one objective function to be optimised

2. Equality constraints

3. Inequality constraints

40



Mathematical Description
Minimize : f(X) objective function
‘h(x)=0 equality constraints
g(x) =0 Inequality constraints
where xeR", Is a vector of n variables (x;, X,,---, X,)
h(x) Is a vector of equalities of dimension m,
g(x) Is a vector of inequalities of dimension m,,

Subject to: -

41



N o U AW N e

Steps Used To Solve Optimisation Problems

. Tum degiskenlerin bir listesini yapmak icin stire¢ analiz edilir.

Optimizasyon kriteri ve amac fonksiyonu belirlenir.

Esitlik ve esitsizlik kisitlamalarini tanimlamak icin siirecin matematiksel modeli gelistirilir.
Serbestlik derecesi sayisini elde etmek icin bagimsiz ve bagimli degiskenler belirlenir.
Problem formulasyonu cok buylk veya karmasiksa, mimkuinse basitlestirilir.

Uygun bir optimizasyon teknigi uygulanir.

Sonuc kontrol edilir ve model parametreleri ve varsayimlarindaki degisikliklere duyarliligi
incelenir.

42



Classification of Optimisation
Problems

Properties of f(x)
e single variable or multivariable
e linear or nonlinear

e sum of squares

e quadratic

e smooth or non-smooth

o

sparsity



Properties of h(x) and g(x)

simple bounds

smooth or non-smooth
sparsity

linear or nonlinear

no constraints

44



Properties of variables x
*time variant or invariant
*continuous or discrete

- take only integer values

‘mixed

45



Obstacles and Difficulties

* Objective function and/or the constraint functions may have finite
discontinuities 1n the continuous parameter values.

* Objective function and/or the constraint functions may be non-linear functions
of the variables.

* Objective function and/or the constraint functions may be defined in terms of
complicated interactions of the variables. This may prevent calculation of unique
values of the variables at the optimum.

46



* Objective function and/or the constraint functions may exhibit nearly “flat”

behaviour for some ranges of variables or exponential behaviour for other ranges.
This causes the problem to be insensitive, or too sensitive.

* The problem may exhibit many local optima whereas the global optimum 1s

sought. A solution may be obtained that is less satisfactory than another solution
elsewhere.

* Absence of a feasible region.

* Model-reality differences.



Typical Examples of Application

static optimisation
» Plant design (sizing and layout).

* Operation (best steady-state operating condition).
- Parameter estimation (model fitting).

« Allocation of resources.

* Choice of controller parameters (e.g. gains, time constants) to minimise a

ogiven performance index (e.g. overshoot, settling time, integral of error
squared).

48



dynamic optimisation

* Determination of a control signal u(?) to
transfer a dynamic system from an initial

state to a desired final state to satisfy a
ogiven performance index.

» Optimal plant start-up and/or shut down.

* Minimum time problems



BASIC PRINCIPLES OF STATIC OPTIMISATION
THEORY

Continuity of Functions

Functions containing discontinuities can cause
difficulty in solving optimisation problems.

Definition: A function of a single variable x 1s

continuous at a point x, 1f:
(a) T (xX,) exists
(b)) IIm f (X)) exists

X —> Xg

@ IIm f(x)= T (X,)

X—> X -



If f(x) 1s continuous at every point in a region R,
then f(x) 1s said to be continuous throughout R.

f(x) /ﬂ\

X

@ A f(x) is continuous, but
F0)=51(9 is not.

f(x) 1s discontinuous.




Unimodal and Multimodal Functions

A unimodal function f(x) (in the range specified for x) has a single extremum
(minimum or maximum).

A multimodal function f(x) has two or more extrema.

1T f (<) = Ot the extremum, the point 1s
called a stationary point.

There 1s a distinction between the global extremum (the biggest or smallest
between a set of extrema) and local extrema (any extremum). Note: many
numerical

procedures terminate at a local extremum.

52



A multimodal function

) — global max (not stationary)
x .
local max I(statlonary) stationary point
/\ (salddle point)
|

|
local min (stationary)

global min (stationary)

53



Multivariate Functions - Surface and
Contour Plots

We shall be concerned with basic properties of a scalar function f(x) of n variables
(%1000 Xp). |

If n =1, f(x) 1s a univariate function

If n>1, f(x) 1s a multivariate function.

For any multivariate function, the equation
z = f(x) defines a surface 1n n+1 dimensional space

mn—l—l
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In the case n = 2, the points z = f(x,,x,) represent a three dimensional surface.

Let c be a particular value of f(x;,x,). Then f(x;,x,) = ¢ defines a curve in x; and x,
on the plane z = c.

If we consider a selection of different values of ¢, we obtain a family of curves
which provide a contour map of the function z = f(x,,x,).



contour map of z =€ (4% +2X; +4X, X, +2X, +1)

2

1.5
1t

0.5

of 1.8
0.5} 9 / 1.7

sa&d{le po1nt

1.5 .
o} 3 -
_2-5_ /| / -

-3 ~ 1 1 )
°3 9 5 -2 -1 o) 2

local minimum
X1









Example: Surface and Contour Plots of
“Peaks” Function

z =3(A— Xl)zexp(_xlz — (X +1)2)

—10(0.2x%x, — X — xy)exp(—xZ — x5)

—1/3exp (—(x, +1)* — x5 )
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multimodal!

[ ]
global max

saddle

local min

local max

global min
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(Gradient Vector

The slope of f(x) at a point

of the it? co-ordinate axis is

The n-vector of these partial derivatives 1s termed the gradient vector of f,

denoted by:

g (X)

XK.

V/(x) =

X = X 1n the direction

! X=X

0 f(x)

ox ,

of (x)

O X

n

(a column vector)
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The gradient vector at a poixt—= X

1s normal to the the contour through that point in the direction of increasing f.

VT (X)

increasing f

X

At a stationary point:
VI (X) =0 (a null vector)
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0/(x)

VFi(x) = Ox | X; — x,sin x|
Jf(X) 7 ax x, +cosux,
ox

and the stationary point (points) are given by the simultaneous
solution(s) of:

X5 — X, sinx, =0

2X,X, +cosx, =0
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Note: If VT (X) is a constant vector,

f(x) 1s then linear.

e.g.
f(X)=c'X+a = Vf(x)=c



Hessian Matrix (Curvature Matrix

The second derivative of a n - variable function 1s
defined by the n? partial derivatives:

L of (x) , 1 =1 n, j=1 n

é’xr é’xj 2 2 b 2 2
written as:

FAftx) . . X

) I i 7
X, K| . K2
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These n? second partial derivatives are usually represented by a square, symmetric
matrix, termed the Hessian matrix, denoted by:

ot f(x) 2 [(x)
5;5 | Ox,0x,

2 (x) 2 (x)
ox 0x Ox

H(x)=V" f(x)s=




Example: For the previous example:

- (»))Ef ('ﬁf

V> f(x)= ox; 53’1?5”1’3 — ‘szO.Sl’l 2x, —sin x,
ﬁ_f ﬂ-f 2X, —s1n x, 2}(1

L Ox,0x ox; A .

Note: If the Hessian matrix of f(X) 1s a constant
matrix, f(x) 1s then quadratic, expressed as:

f(X)=ix'Hx+c'x+«
—> Vf(X) =Hx+c¢c, =V°f(xX)=H



Convex and Concave Functions

A function 1s called concave over a given region R if:

F(OX, +(A-0)X,) = (X)) +(1-60) T (X,)
where: X_,X, €R, and 0<8<1

The function 1s strictly concaveIt=  1s replaced by >.

A function 1s called convex (strictly convex)=zf 1s replaced by

(<).
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concave function A(x)

convex function )

a Xp 70



o f
2
o~ f

2

If f7(x)=

If f(x)=

<0 then f (X) 1s concave.

>0 then f (X) 1s convex.

For a multivariate function f(x) the conditions are:-

f(x)

H(x) Hessian matrix

Strictly convex
convex
concave

strictly concave

+ve def
+ve semi def
-ve semi def
-ve def



Tests for Convexity and Concavity

H 1s +ve def (+ve semi def) iff

X Hx>0 (=0), vx=0.
H 1s -ve def (-ve sem1i def) iff

X'Hx <0 (£0), vx=D0.

Convenient tests: H(x) 1s strictly convex (+ve def) (convex) (+ve semi def)) if:

1. all eigenvalues of H(x) arg O (= O)
or 2. all principal determinants of H(x}a® (= O)
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H(x) 1s strictly concave (-ve def)
(concave (- ve sem1 def)) 1f:

1. all eigenvalues of H(x) & (<0)
or 2. the principal determinants of H(x)
are alternating in sign:

A, <0, A, >0, A, <O, ---

(A, <0, A, >0, A, <0,

)
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Example f(X) =2x%x; —3X;,X, +2X;

2 2
af(x)=4xl—3x2 < f(ZX)=4 c f(x):_3
X X X, X,
2
A T (X) _ _3x +4x, O f(zx) _4
X, XS
'H(x)—_4 B RN RN b I
N -3 a4 "t 7 7 |-3 4|
_ A—4 3 ,
eigenvalues: | Al, —H |= = A" —-8A4+7=0
3 A—4

—> A4, =1, A, = 7. Hence, f (X) Is strictly convex.
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Convex Region

/’,’Xb

- convex
region

non convex
region

A convex set of points exist if for any two points, x_
and x,, 1n a region, all points:
X=X, +(1—)X,, O=Z <1

on the straight line joining x_ and x, are in the set.
If a region 1s completely bounded by concave functions then
the functions form a convex region.
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Necessary and Sufficient Conditions for an
Extremum of an Unconstrained Function

A condition NV 1s necessary for a result R if R can be true

only if N 1s true.
R= N

A condition S 1s sufficient for a result R if R 1s
true if S 1s true.
S=R

A condition T'1s necessary and sufficient for a result R 1ff

T 1s true.
T<R
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There are two necessary and a single sufficient
conditions to guarantee that x* 1is an extremum of a
function f(x) at x = x*:

1. f(x) 1s twice continuously differentiable at x*.

2.Vf(x')=0 ,le. astationary point exists at x*.

3 V2 (X)) = H(X 1s +ve def for a minimum to exist
at st, or -ve 3ef for a maximum to exist at x*

1 and 2 are necessary conditions; 3 1s a sufficient condition.

Note: an extremum may exist at x* even though it 1s not possible to demonstrate
the fact using the three conditions.



Example€onsider:

fF(X) =4 +45%x, —4X, + X7 +2X5 —2X, X, + X; —2XX,

The gradient vector 1s:

yilelding three stationary points located by seftirgy — o

Vf(x) =

4.5+ 2x, - 2x, +4x’ —4x,x,

-4 +4x, - 2x, - 2x;

and solving numerically:

X*=(x1,x2) f(x™) eigenvalues | classification
of V> f (X
A.(-1.05,1.03) -0.51 10.5 3.5 global min
B.(1.94,3.85) 0.98 37.0 0.97 local min
C.(0.61,1.49) 2.83 7.0 -2.56 saddle

where: V71 (x) =

2+ 12x - 4x,

—2 - 4x, 4

-2 - 4x,



OOOOOOOOO

O
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Interpretation of the Objective Function in
Terms of its Quadratic Approximation

If a function of two variables can be approximated within a region of a stationary
point by a quadratic function:

_1 h11 hi; X1
o=t safin BB e e

2 2
J(xp,x,)=Lh x  ++h x; +h,xx,+cx +c,x, +«

then the eigenvalues and eigenvectors of:

% * 7 % * hll h12
H(x, ,x,)=V - f(x ,x,) = hj1 th

can be used to interpret the nature of f(x,,x,) at:

X1:X1,X2:X2 80






They provide information on the shape of

fle,x) at X =X, X, =X, If H(X,X,) is+ve def, the
elgenvectors are at right angles (orthogonal) and
correspond to the principal axes of elliptical contours of

f(x19x2)°
A valley or ridge lies 1n the direction of the eigenvector
assoclated with a relative small eigenvalue.

These interpretations can be generalized to the
multivariate quadratic approximation:

f(X)=3ix'Hx+c'Xx+ o



Case 1: Equal Eigenvalues - circular contours which are
interpreted as a circular hill (max)(-ve eigenvalues) or
circular valley (min) (+ve eigenvalues)

=\
=4

k&

S






Case 2: Unequal Eigenvalues (same sign) — elliptical contours which are

Iinterpreted as an elliptical hill (max)(-ve eigenvalues) or elliptical valley
(min)(+ve eigenvalues)
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Case 3: Eigenvalues of opposite sign but equal in

magnitude - symmetrical saddle.

= N

X

N
.~ , O o
TN 01 Rl O O],
NIII
1
(il
(@)
1
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Case 4: Eigenvalues of opposite sign but unequal in magnitude - asymmetrical

saddle.
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Optimisation with Equality Constraints

min f (X); X € R"
X
subject to: h(X) =0; m constraints (m < n)

Elimination of variables:

- B 2 2
example: i F(X) =4x +5%; @)
s.t. 2X,+3x, =6 (b)
: . : . 6 — 3X%,
Using (b) to eliminate x; gives: X, = (c)

and substituting into (a) :- f(x,) =(6—-3x%,)" +5x;
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At a stationary point

A (%) =0—> —6(6—-3x,)+10x, =0
X,
—> 28%, = 36 — X, = 1286
Then using (c): X: — 6 _23X2 =1071

Hence, the stationary point (min) 1s: (1.071, 1.286)



The Lagrange Multiplier Method

Consider a two variable problem with a single

equality constraint:
min f (X, X,)

X1, X2

s.t. h(x;,x,) =0

At a stationary point we may write:

(a) df = é’de + ZU ——dx, =0
OX OX ,

) dh=2 dx, +ﬂm )
2 ox

I
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a

. X,
If: £
X,

A
X,
ch
X,

—_ 0 nhontrivial nonunique solutions
for dx; and dx, will exist.

This 1s achieved by setting

—A

h

XK,
ch

X

_;Léh
X,
ch

X,

with A = A /
@(1

ch A

X,

where A 1s known as a Lagrange multiplier.

/

ch
@(2




If an augmented objective function, called the
Lagrangian 1s defined as:

L(X,,X,,A) =T (X, X,)+ An(X;, X,)

we can solve the constrained optimisation problem by
solving:

A _d L,y
Ox, OX ox,

é’L 0 ,.
_ f L ﬂh
ox,  Ox, ox,

oL . .
—=h(x,x,) =0 re-statement of equality constrain

OA

provides equations (a)and (b)

= (
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Generalizing : 'To solve the problem:

X e R"

mxin f (X);

subject to: h(x) =0; m constraints (M < n)

define the Lagrangian:

L(x,A) = f(X) +A"h(X), 1cR"

and the stationary point (points) 1s obtained from:-
- Ah(x)

V. L(X,A) =V_f(X)+

V,L(X,A)=h(x)=0

OX

T

A=0
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Example Consider the previous example

again. The Lagrangian 1s:-

L =4x] +5x; + (2%, + 3X, — 6)

A o 8x,+24=0 (a)
X
A _10x,+31=0 )
0/3(2
a

0%:2x1+3xz—620 (c)

Substituting (a) and (b) into (c) gives:
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Necessary Conditions for a Local Extremum of
an Optimisation Problem Subject to Equality and Inequality
Constraints
(Kuhn-Tucker Conditions)

Consider the problem:
min f (X); X e R"
X

s.t..  h(xX) =0; m equalities (Im <n)
g(x) = 0; p inequalities

Here, we define the Lagrangian:

LA 1) = FO)+ATh(X) —u'g(x); A eR™, peRP

The necessary conditions for x* to be a local
extremum of f(x) are:-
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(a) f(x), hi(x), g;(x) are all twice differentiable at x*

(b) The Lagrange multipliers exist

(c) All constraints are satisfied at x*

h(x)=0—>h,(Xx)=0; g(x*)=0-—>g;(x)=0

(d) The Lagrange multipliers  (at x*) for,the
inequality constraints are not negative, 1.e.

,u’JTZO

(e) The binding (active) inequality constraints are
zero, the inactive inequality constraints are > 0,
and the associated u’s are 0 at x*, 1.e.

A9 (x)=0
(f) The Lagrangian function is at a stationaryWi)r}tl_ (X, A, u) — Q0



Notes:

1.Further analysis or investigation 1s
required to determine 1f the extremum 1s a
minimum (or maximum)

2.If f(x) 1s convex, h(x) are linear and g(x)
are concave:
x* will be a global extremum.



Limitations of Analytical Methods

The computations needed to evaluate the above conditions can be extensive and intractable.
Furthermore, the resulting simultaneous equations required for solving x*, A* and p* are
often nonlinear and cannot be solved without resorting to numerical methods.

The results may be inconclusive.

For these reasons, we often have to resort to numerical methods for solving optimisation
problems, using computer codes (e.g.. MATLAB)
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Example

Determine if the potential minimum
x* =(1.00,4.90) satisfies the Kuhn Tucker conditions for the problem:

min f (xX) =4x, — x> —12
X

s.t. h(X) =25—x7 — x> =0
g,(X) =10x;, — X; +10x, —X; —34 =0
9, (X) = (X, —3)" +(X, —D* =0
93(X):X12_2
g,(X) =x,=0



contours and constraints

N W b~ OO O N O

'(1 00,4. 90)///'25/




We test each Kuhn-Tucker condition in turn:

(a) All functions are seen by inspection to be twice
differentiable.

(b) We assume the Lagrange multipliers exist
(c) Are the constraints satistied?

h: 25-(100)° —(4.90)° =-0.01~0 yes

g,. 10(100) - (100)* +10(4.90) — (4.90)° —34 = -0.01~ 0 vyes binding
g,. (1.00-3)*+(490-1)°=19.21>0 yes not active

g,- L00>-2 yes not active

g, 490>0 vyes not active



To test the rest of the conditions we need to determine the
Lagrange multipliers using the stationarity conditions.
First we note that from condition (e) we require:

,L[;gj (x)=0, j=12,3,4
L, can have any value because g,(x ) =0
L, must be zero because ¢g,(x ) >0
1, must be zero because g,(x ) >0

1, must be zero because g,(x ) >0



Now consider the stationarity condition:

V. .L(X,A,un) =0 where, since s, = g1, =0
L=4x, — X —12+ A, (25— X — X2) — £4,(10X, — X7 +10x, — X5 —34)

Hence:

V. L=4-24x —p,(10-2x)=4-21-8u,
Vo L=-2x;-2Ax; - u;(10-2x;)=-98-9847-02u,

*

[9%8 0?2”?;]:[_3,8] Ay=-1015 u, =0.754



Now we can check the remaining conditions:
(d) Are >0, j=12,347
1y, =0.754, p; = pi5 = 1, =0
Hence, the answer 1s yes
(e) Are 4,9,(x')=0, j=12,347

Yes, because we have already used this above.

(f) Is the Lagrangian function at a stationary point?

Yes, because we have already used this above.



Hence, all the Kuhn-Tucker conditions are
satisfied and we can have confidence 1n the
solution :

x* = (1.00,4.90)







What is Simulation Optimization?

 The optimization of simulation models deals with the situation in
which the analyst would like to find which of possibly many sets of

model specifications (i.e., input parameters and/or structural
assumptions) leads to optimal performance

Input ™ ’ N Measure of
parameters i performance
4



Simulation Optimization
Why is it required?
» Complex models contain many variables and constraints as well as uncertainty

» What-if simulation analysis unlikely to result in an optimal answer due to large number of
possible solutions

» Inability of pure optimization to model complexities, uncertainties and dynamics of
scenarios.

» Simulation-Optimization removes these inabilities by combining both approaches.



Simulation-Optimization
Why is it required?

» A total solution requires both capabilities.

» Two-Step Solution
» Simulation

» Optimization

» Both are necessary, neither is sufficient.



Simulation Optimization
Benefits in Dealing with Uncertainty

» Simulation enables understanding/modeling and communications of uncertainty.

» Optimization enables management of uncertainty.



Classical Approaches

Stochastic approximation

— Gradient-based approaches

Sequential response surface methodology
Random search
Sample path optimization

— Also known as stochastic counterpart



